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In this paper, a low pass digital filter in the surface boundary (SB) finite difference time domain (FDTD) is presented for the surface 

plasmon polariton (SPP) propagation modeling in the graphene based optical structures. The proposed digital filter in SB FDTD is able 
to eliminate the instabilities in time domain. The designed filter can be used as a boundary condition replacing perfectly matched 
layered, perodic boundary condition with the numerical methods for time domain analysis. The SPP propagation on different graphene 
structures in SB FDTD with the proposed filter is provided to validate it. The proposed digital filter in SB FDTD method can be 
applied in designing ultra-compact integrated devices for opto-electronics communication 
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I. INTRODUCTION 
ECENTLY  research focus has concentrated on the optical 
coupling of surface plasmons between graphene sheets 

[1].The characteristics of surface plasmon polariton (SPP) 
modes in graphene sheets based optical devices such as 
plasmonic polarizers, optical splitter, nano-patch antenna, 
plasmonic interferometer and high-speed plasmonic 
modulators have been investigated theoretically and 
numerically [2]–[3]. However, for accurate designing of these 
graphene sheet based optical devices, efficient numerical 
technique is required. Till now, numerical methods such as 
finite element method (FEM), method of moment (MoM) and 
finite difference time domain (FDTD) method [4]–[5] have 
been proposed for the SPP propagation modeling of graphene 
sheet structures. Later, subcell FDTD and surface boundary 
condition (SBC) FDTD [6] have been developed for SPP 
propagation modeling in graphene structures in wide 
frequency band, but subcell FDTD cannot model infinite thin 
sheets accurately as it requires special type of perfectly 
matched layer (PML) [6]. In addition, SPP propagation in 
graphene sheet based optical structures is not presented with 
digital filtering technique in time domain. Though digital 
filtering techniques can be employed to improve the stability 
and performance of the graphene based optical structures. 
Digital filter techniques with FDTD methods in [7] has been 
applied to ensure stability and to eliminate the growth of 
parasitic solutions in the system, but did not applied in SB 
FDTD for the propagation modeling in the graphene 
structures. 

In this paper, for the first time, digital filter in SB FDTD has 
been proposed for SPP propagation modeling in graphene 
based optical structures in time domain. It is found designed 
filters can replace existing boundary conditions such as 
perfectly matched layer (PML) with much success to eliminate 
the instabilities in time domain. 

II. DIGITAL FILTERING TECHNIQUE 
To suppress the high frequency numerical error that affects 

the time-domain discrete field solution inside FDTD 
computational domain and to absorb the waves at edges 
altogether, finite impulse response (FIR) low pass filter (LPF) 
is used in the SB FDTD. The FIR LPF is based on the window 
technique. Let, the desired frequency response specification 
𝐻𝐻𝑑𝑑(𝜔𝜔)  and the corresponding unit sample response ℎ𝑑𝑑(𝜔𝜔) . 
Indeed, ℎ𝑑𝑑(𝜔𝜔) is related to 𝐻𝐻𝑑𝑑(𝜔𝜔)  by the Fourier transform 
relation, 

     𝑋𝑋𝑑𝑑(𝜔𝜔) = ∑ 𝑥𝑥𝑑𝑑(𝑛𝑛)𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗∞
𝑗𝑗=0                                           (1) 

where, 
         𝑥𝑥𝑑𝑑(𝑛𝑛) = 1

2𝜋𝜋 ∫ 𝑋𝑋𝑑𝑑(𝜔𝜔)𝜋𝜋
−𝜋𝜋 𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗                                           (2) 

Truncation of  𝑥𝑥𝑑𝑑(𝑛𝑛)  to a length 𝑀𝑀 − 1  is equivalent to 
multiplying 𝑥𝑥𝑑𝑑(𝑛𝑛) by a “rectangular window ,” defined as, 

      𝑤𝑤(𝑛𝑛) = �1,                                      0 ≤ 𝑛𝑛 ≤ 𝑀𝑀 − 1
0,                                              𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑤𝑤𝑒𝑒𝑒𝑒𝑒𝑒             (3) 

Multiplication of the window function 𝑤𝑤(𝑛𝑛)  with 𝑥𝑥𝑑𝑑(𝑛𝑛)  is 
equivalent to convolution of 𝑋𝑋𝑑𝑑(𝜔𝜔) with 𝐻𝐻(𝜔𝜔) ,where, is the 
frequency-domain representation (Fourier transform) of the 
window function, that is,  
              𝐻𝐻(𝜔𝜔) = ∑ 𝑤𝑤(𝑛𝑛)𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗𝑀𝑀−1

𝑗𝑗=0                                         (4) 
Thus the convolution of 𝑋𝑋𝑑𝑑(𝜔𝜔)  with 𝐻𝐻(𝜔𝜔)  yields the 
frequency response of the (truncated) FIR filter. The Fourier 
transform of the rectangular window is, 

 𝐻𝐻(𝜔𝜔) = � 𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗
𝑀𝑀−1

𝑗𝑗=0

=
1 − 𝑒𝑒−𝑗𝑗𝑗𝑗𝑀𝑀

1 − 𝑒𝑒−𝑗𝑗𝑗𝑗
 

                                          = 𝑒𝑒−𝑗𝑗𝑗𝑗(𝑀𝑀−1)/2 sin (𝑗𝑗𝑀𝑀/2)
sin (𝑗𝑗/2)

                   (5) 
This  window  function  has  a  magnitude  response  and  a 
piecewise linear phase. So, the filter's effect on a sequence (n) 
is described by the convolution theorem, 
      𝐹𝐹{ 𝑥𝑥𝑑𝑑 ∗ ℎ } =  𝐹𝐹{ 𝑥𝑥𝑑𝑑  } .  𝐹𝐹{ ℎ }                                              (6) 

                 

R 
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      𝑌𝑌( 𝜔𝜔 ) =  𝑋𝑋( 𝜔𝜔 )  .  𝐻𝐻( 𝜔𝜔 )                                         (7) 
                                       and 

𝑦𝑦( 𝑛𝑛 ) =  𝑥𝑥𝑑𝑑( 𝑛𝑛 )  ∗ ℎ( 𝑛𝑛 )                                              (8) 
𝑦𝑦(𝑛𝑛) =  𝐹𝐹−1{ 𝑋𝑋𝑑𝑑( 𝜔𝜔 )  .  𝐻𝐻( 𝜔𝜔 ) }                                  (9) 

where, the operators  F  and  F-1 respectively denote the Fast 
Fourier  Transform and the Inverse Fast Fourier Transform . 
Specifically, the convolution of 𝑋𝑋𝑑𝑑( 𝜔𝜔 )  with 𝐻𝐻( 𝜔𝜔 ) has the 
effect of smoothing 𝑋𝑋𝑑𝑑( 𝜔𝜔 ) . 

III. FDTD UPDATING EQUATION WITH LOW PASS FILTER 
The proposed update filter is applied to the 1D problem 

space where the wave in the selected Yee grid cells are treated 
as a sequence 𝐴𝐴(𝑛𝑛 ) and then filtering is applied to the 
sequence. These steps are to be used in each time step after 
updating the fields for 1D problem space. For the 𝐸𝐸 field at the 
boundary, 

𝐴𝐴𝑒𝑒𝑒𝑒𝑏𝑏   ( 𝑛𝑛 ) =  𝐸𝐸𝑒𝑒𝑗𝑗+1( 𝑘𝑘𝑖𝑖+12
  )                                (10) 

𝐵𝐵𝑒𝑒𝑒𝑒𝑏𝑏  =  𝐹𝐹𝑒𝑒𝐹𝐹𝑜𝑜𝑒𝑒𝑒𝑒� 𝐴𝐴𝑒𝑒𝑒𝑒𝑏𝑏   �                               (11) 

                       𝐸𝐸𝑒𝑒𝑗𝑗+1 � 𝑘𝑘𝑖𝑖+12
 � = 𝐴𝐴𝑒𝑒𝑒𝑒𝑏𝑏   ( 𝑛𝑛 )                                 (12) 

Similar way, updating equation for the 𝐻𝐻 field can be written.  

IV. NUMERICAL RESULTS  
At first, free space of 400×400 cells with a Gaussian pulse 

is considered and analyzed with the proposed method in time 
domain. The proposed filter is used as absorbing boundary 
condition (ABC) here. Fig. 1 (a) shows that the system is 
unstable after 1000 time steps. If a low pass filter is added 
with the system in conjunction with the pre-existing ABC and 
after 500 steps, then the system becomes stable as shown in 
Fig. 1(b) again while introducing some performance loss. 
 
 
 
 
 
 
 
 
 
 
 
                                              (a) 
 
 
 
 
 
 
 
 
 
 
 

(b) 
Fig. 1.  (a) Unstable system, (b) Stable system with FIR-LPF 

In this example, we simulate TM SPP wave on an infinite 
freestanding graphene by the means of the given Surface 
Boundary condition (SBC) method. The graphene sheet is 
positioned in the middle of the computational domain with 
200 × 200 cells where the size of each cell is set to 0.15 × 
0.15 . The time step is set to ∆ = 3.56 × 10−16 to meet the CFL 
stability condition. The computational space is terminated by a 
ten cells of PML in and by the proposed filter. A magnetic 
dipole is with a continuous sinusoidal waveform is for the 
excitation. The symmetry used in the excitation leads to a 
faster steady state response. The spatial distribution of at the 
time step 5000 when the fields reach steady state. Fig.2 clearly 
showing the SPP surface wave on the graphene layer. The SPP 
guided wavelength 𝜆𝜆𝑆𝑆𝑆𝑆𝑆𝑆  is easily extracted from the steady 
state electric field, which gives us 𝜆𝜆𝑆𝑆𝑆𝑆𝑆𝑆 = 67 × 0.15 𝜇𝜇𝜇𝜇 =
10.05 𝜇𝜇𝜇𝜇 . 
 
 
 
 
 
 
 
 
 
Fig. 2. SPP propagation with the proposed filter as absorbing boundary 
condition. Spatial distribution of at time step 2500 depicting TM SPP surface 
wave on the graphene layer with = 500 . The guided wave length is extracted 
from the field distribution with 47 layers of filter 

V. CONCLUSION  
FIR LPF digital filter technique with SB-FDTD has been 

proposed for the first time for the SPP propagation modeling 
in the graphene based optical structures. The digital filter in 
SB FDTD is able to eliminate the instability in time domain 
analysis. It is shown that designed filters can replace existing 
boundary conditions such as PML with much success. 
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